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Abstract. We study the existence of zeroes of mappings defined in Ba-
nach spaces. We obtain, in particular, an extension of the well-known
Bolzano-Poincare´-Miranda theorem to infinite dimensional Banach spaces.
We also establish a result regarding the existence of periodic solutions
to differential equations posed in an arbitrary Banach space.
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1. Introduction
The first general result regarding the existence of a zero of a function is
Bolzano’s theorem (also called the intermediate value theorem), which can
be stated as follows:
Theorem 1.1 (Bolzano’s theorem). If f : ra, bs Ñ R is a continuous function
and fpaqfpbq ă 0, then there exists a point x P pa, bq such that fpxq “ 0.
The first proofs of this theorem were given independently by Bolzano [3]
in 1817 and by Cauchy [4] in 1821. The following theorem is one of the first
generalizations of Bolzano’s theorem.
Theorem 1.2. Let P :“ tx P Rn : |xi| ď L for all 1 ď i ď nu. Suppose that
F “ pf1, ¨ ¨ ¨ , fnq : P Ñ R
n is a continuous mapping on P such that
(a) fipx1, ¨ ¨ ¨ , xi´1,´L, xi`1, ¨ ¨ ¨ , xnq ą 0 for 1 ď i ď n,
(b) fipx1, ¨ ¨ ¨ , xi´1, L, xi`1, ¨ ¨ ¨ , xnq ă 0 for 1 ď i ď n.
Then there exists at least one point x P P such that F pxq “ 0.
As recalled in the nice survey paper [12], Theorem 1.2 was stated in
1883 by Poincare´ in [15] without proof and then forgotten for a long time. It
was rediscovered by Miranda, who in 1940 showed that it was equivalent to
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Brouwer’s fixed point theorem (see [13, 21]). Since then, this result has been
called the Bolzano-Poincare´-Miranda theorem. Poincare´ was mainly moti-
vated by the study of periodic solutions to differential equations arising from
the three-body problem, which can be obtained as fixed points of what is now
called the Poincare´ map. After his work, many other authors found applica-
tions of Theorem 1.2 and different generalizations have been established (see
[1, 7, 11, 21, 22, 19] and references therein). Theorem 1.2 also turns up in a re-
cent detailed study of calibration [8]. Since most of the generalizations of the
Bolzano-Poincare´-Miranda theorem have been obtained in finite dimensional
spaces, the following question arises naturally: can Theorem 1.2 be extended
to infinite dimensional spaces? Several partial positive answers to this ques-
tion have been given; see, for instance, [2, 9, 14, 18]. In this connection, see
also [17], which concerns certain operators which are not necessarily continu-
ous. In the present paper we answer, inter alia, this question in the affirmative
and obtain a generalization of the Bolzano-Poincare´-Miranda theorem which
holds in any Banach space.
2. Notations and Preliminaries
Throughout this paper pX, ‖¨‖q is a Banach space and X˚ is its topological
dual. As usual, Brrxs and Srpxq denote the closed ball and the closed sphere
of center x and radius r ą 0, respectively. For a nonempty subset C of X ,
we denote by C, BC, intpCq and convpCq the closure, the boundary, the
interior and the convex hull of C, respectively. For x P X , we denote by Jpxq
the value of the normalized duality mapping J at x, to wit Jpxq :“ tj P
X˚ : xx, jy :“ jpxq “ }x}2, }j} “ }x}u. In general, the normalized duality
mapping J : X Ñ 2X
˚
is a set-valued mapping. For more details, see [5] and
its review [16].
Definition 2.1. A Banach space X is said to be smooth if the normalized
duality mapping J : X Ñ 2X is single-valued.
The following classical fixed point theorems can be found, for instance,
in [6, 20, 23]. It is worth noting that in each reference we find different proofs.
Theorem 2.1 (Brouwer’s fixed point theorem). Let D Ď Rn be a nonempty
bounded, closed and convex subset of Rn. If f : D Ñ D is continuous, then
it has a fixed point in D.
Let pX, ‖¨‖q be a real Banach space and let K a nonempty subset of X .
A mapping f : K Ñ X is said to be compact if fpCq is relatively compact
whenever C is a bounded subset of K. If, moreover, f is continuous on K,
then f is called completely continuous. It is clear that every continuous map-
ping with a closed domain in a finite dimensional Banach space is, in fact,
completely continuous.
Theorem 2.2 (Schauder’s fixed point theorem). Let C be a nonempty closed
and convex subset of a Banach space X. If f : C Ñ C is completely continu-
ous, then it has a fixed point.
The Bolzano-Poincare´-Miranda Theorem 3
3. The main result
Our goal in this section is to study the existence of zeroes for an operator
f defined in a general Banach space X . To this end, we introduce a class of
functionals v¨, ¨w : X ˆX Ñ R satisfying the following two conditions:
(C1) vx, xw ą 0 for all x P X with x ‰ 0;
(C2) vλx, xw “ λ vx, xw for all x P X and λ P R.
Example 3.1. (1) If X is a pre-Hilbert space and x¨, ¨y is its inner product,
then we can set v¨, ¨w “ x¨, ¨y.
(2) In general, if X is a Banach space, we may define, using the duality
mapping, a functional v¨, ¨w : X ˆX Ñ R either by
vx, yw “ xx, yy` :“ sup
jpyqPJpyq
xx, jpyqy “ max
jpyqPJpyq
xx, jpyqy
or by
vx, yw “ xx, yy´ :“ inf
jpyqPJpyq
xx, jpyqy “ min
jpyqPJpyq
xx, jpyqy.
At this point the interested reader is referred to [6], where some essential
properties of J and x¨, ¨y˘ are collected in Propositions 12.3 and 13.1.
In particular, if X is a smooth Banach space, then v¨, ¨w can be given by
vx, yw “ xx, Jpyqy. In this connection, see also [5] and its review [16].
Theorem 3.1. Let U be a nonempty, bounded and closed subset of a Banach
space X with intpUq ‰ H and let f : U Ñ X be a completely continuous
mapping. If there exist a functional v¨, ¨w : X ˆ X Ñ R satisfying pC1q and
pC2q, and a point z P intpUq such that vfpxq, x ´ zw has a constant sign for
all x P BU , then 0 P fpUq. Moreover, if 0 R BfpUqzfpUq, then 0 P fpUq.
Proof. Without any loss of generality we may assume that vfpxq, x´ zw ě 0
for every x P BU . This is because otherwise this expression would be non-
positive and we could use an analogous reasoning for ´f .
Fix n P N and consider the mapping gn : U Ñ X defined by gnpxq :“
´nfpxq ` z. It is clear that gn is a completely continuous mapping. Hence
there exists a closed ball Ωn such that U Y gnpUq Ď Ωn.
Now we may define Dn :“
 
x P U : x “ λgnpxq ` p1´λqz for some λ P
r0, 1s
(
. We claim that Dn is a nonempty compact subset of X . Indeed, taking
λ “ 0, we see that z P Dn and so Dn is nonempty. We also have Dn Ď
conv
`
tzu Y gnpUq
˘
, which implies that the set Dn is compact because the
mapping gn is completely continuous.
We claim that Dn X pΩnz intpUqq “ H.
Suppose to the contrary that x P Dn X pΩnz intpUqq. Then x P BU and
by hypothesis, vfpxq, x ´ zw ě 0. However, since x P Dn, there is λ P p0, 1s
such that x “ λgnpxq ` p1 ´ λqz, that is, x ´ z “ λpgnpxq ´ zq “ ´λnfpxq.
This implies that
vfpxq, x´ zw “ v´ 1
nλ
px´ zq, x´ zw “ ´
1
nλ
vx´ z, x´ zw ă 0,
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which is a contradiction.
Now by Urysohn’s lemma (see, for instance, [10, page 146]), there exists
a continuous function ϕ : Ωn Ñ r0, 1s such that ϕpxq “ 1 whenever x P Dn
and ϕpxq “ 0 for all x P ΩnzintpUq. This allows us to define Fn : Ωn Ñ Ωn
by
Fnpxq :“ ϕpxqgnpxq ` p1´ ϕpxqqz.
Therefore, since Fn is a continuous and compact self-mapping of a closed,
convex and bounded subset, Schauder’s theorem yields the existence of a
point xn P Ωn such that Fnpxnq “ xn.
If xn R intpUq, then ϕpxnq “ 0 and then xn “ z, which contradicts the
hypothesis z P intpUq. Thus xn P intpUq and xn “ ϕpxnqgnpxnq`p1´ϕpxnqqz,
which implies that xn P Dn, and so ϕpxnq “ 1. Therefore xn “ ´nfpxnq` z,
that is,
fpxnq “
1
n
pz ´ xnq.
Since xn P U and U is bounded, we conclude that fpxnq Ñ 0 as nÑ 8 and
so 0 P fpUq.
Finally, if 0 R BfpUqzfpUq, then 0 P fpUq because 0 P fpUq. ˝
Remark 3.1. If, in addition to the assumptions of Theorem 3.1, we assume
that X is a reflexive Banach space, U is a nonempty, closed and convex subset
of X with intpUq ‰ H, and f : U Ñ X is weak-strong continuous on U , then
by Mazur’s theorem, fpUq is a closed set and therefore 0 P fpUq.
Corollary 3.1. Given a Banach space X, a point z P X and a number r ą 0,
let f : Brrzs Ñ X be a completely continuous mapping. If there exists a
functional v¨, ¨w : XˆX Ñ R satisfying pC1q and pC2q such that vfpxq, x´ zw
has a constant sign for all x P Srpzq, then 0 P fpBrrzsq. Moreover, if X is
reflexive and f is weak-strong continuous on Brrzs, then 0 P fpBrrzsq.
Proof. It is enough to consider the closed ball U :“
 
x P X : ‖x ´ z‖ ď r
(
and then apply Theorem 3.1. ˝
Corollary 3.2. Let U be a nonempty, bounded and closed subset of a Banach
space X with intpUq ‰ H. If f : U Ñ X is a completely continuous mapping
and there exists a point z P intpUq such that either fpxq R tλpx´ zq : λ ă 0u
for all x P BU or fpxq R tλpx ´ zq : λ ą 0u for all x P BU , then 0 P fpUq.
Proof. In order to obtain this result, it is enough to define the following
functional:
vx, yw :“
"
xx, yy` ifx “ λy for some λ P R
0 otherwise.
It is clear that v¨, ¨w satisfies conditions pC1q and pC2q.
If fpxq R tλpx´ zq : λ ă 0u for all x P BU , then vfpxq, x´ zw ě 0 for all
x P BU . If, on the other hand, fpxq R tλpx´ zq : λ ą 0u for all x P BU , then
we obtain vfpxq, x´zw ď 0. In both cases, the sign of vfpxq, x´zw is constant.
Therefore it follows from Theorem 3.1 that 0 P fpUq, as asserted. ˝
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Remark 3.2. As a consequence of the previous result, we obtain Proposition 4
in [1], Theorem 1 in [14], Corollary 3 in [9] and the Poincare´-Bohl theorem [7,
Theorem 2].
3.1. Consequences in finite dimensional spaces
In [1, Theorem 3.2] the authors present a generalization of the Bolzano-
Poincare´-Miranda theorem which contains Kantorovich’s result [1, Theo-
rem 2.1]. Now we improve upon this result: applying Corollary 3.2, we show
that it also holds for convex bodies.
Recall that a subset D of Rn is said to be a convex body if it is a compact
and convex set with nonempty interior (D “ intpDq). Given a point x P BD,
we define the normal cone to intpDq at x by NDpxq :“ t v P Rn : xv, y´xy ă
0, for every y P intpDqu, where, as usual, x¨, ¨y denotes the Euclidean scalar
product in Rn.
Corollary 3.3. Let D be a convex body in Rn endowed with an arbitrary norm
}¨}. Let f : D Ñ Rn be a continuous mapping and assume that for all x P BD,
there exists a point apxq P NDpxq such that xfpxq, apxqy ě 0. Then f has a
zero in D.
Proof. Let x0 be an element in intpDq. By Corollary 3.2, it is enough to show
that fpxq R tλpx´ x0q : λ ă 0u for all x P BD. Suppose to the contrary that
there exist a point x P BD and a number λ ă 0 such that fpxq “ λpx ´ x0q.
In this case we have 0 ď xapxq, fpxqy “ λxapxq, x ´ x0y, which means that
xapxq, x0 ´ xy ě 0 and therefore apxq R NDpxq, which is a contradiction. ˝
Next we give proofs of Bolzano’s theorem and the Bolzano-Poincare´-
Miranda theorem by employing our results.
Proof of Bolzano’s theorem. Let X “ R and }¨} “ |¨|. It is clear that pX, }¨}q
is a smooth reflexive Banach space. Taking z “ a`b
2
and r “ b´a
2
we have
Brrzs “ ra, bs and Srpzq “ ta, bu. We define vx, yw :“ x y. The hypothesis
fpaqfpbq ă 0 implies that vfpxq, x´ zw “ fpxqpx´ zq has a constant sign for
all x P Srpzq. Finally, since pX, } ¨ }q is a finite dimensional Banach space, we
may apply Corollary 3.1 abd obtain the result. ˝
Proof of the Bolzano-Poincare´-Miranda theorem. It is clear that P is a con-
vex body in Rn and that BP “ tx P P : xi “ ˘L for some 1 ď i ď nu.
Moreover, if x P BP , then x “ px1, ¨ ¨ ¨ , xi´1,˘L, xi`1, ¨ ¨ ¨ , xnq. In this case,
we take apxq “ p0, . . . , 0,˘L, 0, . . . , 0q P NP pxq. Now we can work with the
function g :“ ´f. Bearing in mind conditions (a) and (b), we see that
xgpxq, apxqy “ ´fipx1, ¨ ¨ ¨ , xi´1,˘L, xi`1, ¨ ¨ ¨ , xnqp˘Lq ą 0.
The above argument shows that all the assumptions of Corollary 3.3 are
satisfied and this allows us to conclude the proof. ˝
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3.2. Consequences in infinite dimensional spaces
As we have already mentioned in the introduction, in [2, Theorem 1] Avramescu
gave a partial answer to the question regarding the Bolzano-Poincare´-Miranda
theorem in infinite dimensional spaces. We now show that this result can be
obtained as a corollary of Theorem 3.1.
To this end, let B be a Banach space endowed with an inner product
x¨, ¨y (which does not necessarily have any relation with the norm ‖¨‖ of B)
and let K be an arbitrary compact topological space. Set X :“ tx : K Ñ B :
x is continuousu, define on X the usual norm }x}8 “ maxt}xptq} : t P Ku
and let B :“ tx P X : }x}8 ď 1u.
Corollary 3.4. ([2, Theorem 1]) Let f : B Ñ X be a continuous and compact
mapping satisfying the following assumptions:
paq 0 R BfpBqzfpBq,
pbq xfpxqptq, xptqy ď 0 for all x P BB and for all t P K.
Then there exists at least one element x P B such that fpxq “ 0.
Proof. Given y P X , since K is compact, it is clear that there exists t0 P K
such that }y}8 “ }ypt0q}. Let ty :“ min
 
t P K : ‖yptq‖ “ ‖y‖8
(
. We
define v¨, ¨w : X ˆ X Ñ R by vx, yw :“ xxptyq, yptyqy. It is not difficult to
see that v¨, ¨w satisfies conditions pC1q and pC2q. Thus, if x P BB, we have
vfpxq, xw “ xfpxqptxq, xptxqy ď 0 by using assumption (b). This means that
vfpxq, xw has a constant sign for all x P BB. Now, since f satisfies assumption
(a), we can apply Theorem 3.1 to conclude that 0 P fpBq, as asserted. ˝
In [18] the author established a version of the Bolzano-Poincare´-Miranda
theorem in the Hilbert space ℓ2. We are now going to see that such a result
can be obtained as a consequence of Theorem 3.1. For the sake of simplicity,
we prove the following version of the result.
Corollary 3.5. ([11, Theorem 2.3]) Let C :“ tx P ℓ2 : |xk| ď k
´1u be the
Hilbert cube and let f : C Ñ ℓ2 be continuous. If for all k P N, we have
fkpx1, . . . , xk´1,´
1
k
, xk`1, . . .q ě 0 and fkpx1, . . . , xk´1,
1
k
, xk`1, . . .q ď 0,
then f has a zero.
Proof. Set l :“ }t 1
k
ukPN}2 and consider Blr0s. It is clear that C Ď Blr0s. Let
PC denote the metric projection onto C. Given x “ txkukPN P Blr0s, it is not
difficult to see that
PCpxqk “
$’&
’%
xk if |xk| ă
1
k
1
k
if xk ě
1
k
´ 1
k
if xk ď ´
1
k
.
Consider now the properties of the mapping F : Blr0s Ñ ℓ2 defined by
F pxq :“ fpPCpxqq.
Since ℓ2 is a Hilbert space, PC is a continuous (even nonexpansive)
mapping. Hence, since C is a compact set and C Ď Blr0s, the mapping F is
completely continuous and F pBlr0sq is also a compact set.
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Given y “ tykukPN P ℓ2, we define
iy :“
#
mintk P N : |yk| “ }y}8u if |yk| ă k
´1 @ k P N
mintk P N : |yk| ě k
´1u if D k P N with |yk| ě k
´1.
Now we define vx, yw :“ xiyyiy . It’s clear that v¨, ¨w satisfies conditions pC1q
and pC2q. Moreover, if x P Slp0q, then |xix | ě
1
ix
and since vF pxq, xw “
fixpPCpxqqxix , we see that vF pxq, xw ď 0 for all x P Slp0q. These conditions
guarantee that we can apply Theorem 3.1. Hence there exists a point x0 P
Blr0s such that F px0q “ 0. This, in its turn, implies that f has a zero in C,
as claimed. ˝
4. Applications
In this section we apply the results of the previous section in order to establish
the existence of at least one solution to systems of nonlinear equations and
also the existence of a periodic solution in a general Banach space to the
differential equation x1ptq “ fpt, xptqq, where t P r0, T s.
4.1. An application to systems of nonlinear equations
Theorem 4.1. Let L be a continuous linear mapping from pRn, ‖¨‖q into itself.
Assume that its inverse L´1 exists and that ℓ :“ min
 
‖Lpxq‖ : ‖x‖ “ 1
(
ą 0.
Let g : Rn Ñ Rn be a continuous mapping. If there exists R ą 0 such that
‖gpxq‖ ď ℓR for all x P BRr0s, then the nonlinear equation Lpxq ` gpxq “ 0
has at least one solution in BRr0s.
Proof. Note that Lpxq ` gpxq “ 0 is equivalent to x ` L´1pgpxqq “ 0. Thus,
defining F : Rn Ñ Rn by F pxq :“ x` L´1pgpxqq, we see that it is enough to
prove the existence of a zero of F in BRr0s.
It is clear that F is continuous and, therefore, compact. We claim that
‖L´1pxq‖ ď 1
ℓ
‖x‖ for all x P Rn. To see this, observe that the inequality
‖x‖ “ ‖LpL´1pxqq‖ ě ℓ ‖L´1pxq‖
implies that ‖L´1pxq‖ ď
1
ℓ
‖x‖.
Furthermore, if we set vx, yw “ xx, yy`, then for each x P SRr0s, we have
vF pxq, xw ě xx` L´1pgpxqq, jy “ R2 ` xL´1pgpxqq, jy
ě R2 ´ ‖L´1pgpxqq‖R ě R2 ´
R
ℓ
‖gpxq‖ ě 0,
where j P Jpxq. Hence, by Corollary 3.1, there exists a point x0 P BRr0s such
that F px0q “ 0, that is, Lpx0q ` gpx0q “ 0. ˝
Corollary 4.1. Let L be a continuous linear mapping from pRn, ‖¨‖q into itself.
Assume that its inverse L´1 exists and that ℓ :“ min
 
‖Lpxq‖ : ‖x‖ “ 1
(
ą 0.
Let g : Rn Ñ Rn be a continuous mapping. If there exist numbers α, β ě 0,
with α ă ℓ, such that ‖gpxq‖ ď α ‖x‖ ` β for all x P Rn, then the nonlinear
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equation Lpxq ` gpxq “ 0 has at least one solution in the ball BRr0s, where
R “ β{pℓ´ αq.
Proof. Since ℓ´α ą 0 by assumption, we may indeed consider R :“ β{pℓ´αq.
To see that the equation Lpxq` gpxq “ 0 has at least one solution in the ball
BRr0s, note that for each point x P BR0 r0s, we have
‖gpxq‖ ď α ‖x‖` β ď αR` β ď αR0 ` pℓ ´ αqR “ ℓR.
Therefore the result follows from the preceding theorem. ˝
Example 4.1. The system of nonlinear equations
pSq
#
´2x` 7y ` 4y cospx ` 2yq “ 3
7x´ 2y ` 3x sinpx ´ 3yq “ 2
has at least one solution in the square r´3, 3s ˆ r´3, 3s. To see this, it is
enough to use the preceding result for the plane R2 endowed with the norm
‖px, yq‖8 “ maxt|x|, |y|u, the continuous linear mapping Lpx, yq “ p´2x `
7y, 7x´2yq and the continuous nonlinear mapping gpx, yq “ p4y cospx`2yq´
3, 3x sinpx ´ 3yq ´ 2q. It is not difficult to see that ℓ “ 5 and ‖gpx, yq‖8 ď
4‖px, yq‖8 ` 3 for all px, yq P R2. Thus, by Corollary 4.1, there indeed exists
at least one solution of pSq in B3r0s “ r´3, 3s ˆ r´3, 3s.
4.2. An application to differential equations
Let pX, ‖¨‖q be a Banach space and let f : r0, T s ˆX Ñ X be a continuous
mapping which is Lipschitz with respect to the second variable, that is, there
exists a constant L ą 0 such that ‖fpt, xq ´ fpt, yq‖ ď L ‖x ´ y‖ for all
t P r0, T s and x, y P X .
Consider the differential equation
x1ptq “ fpt, xptqq, t P r0, T s. (1)
According to the Picard-Lindelo¨f theorem (see [23, Chapter 3]), given a point
a P X , there exists a unique continuous and differentiable function xa :
r0, T s Ñ X satisfying (1) with xp0q “ a. Moreover, this solution satisfies
xaptq “ a`
ż t
0
fps, xapsqq ds.
Now define the mapping F : X Ñ X by F paq :“ ´a` xapT q.
We claim that F is continuous. Indeed, given a, b P X , we have, for all
t P r0, T s,
‖xaptq ´ xbptq‖ ď ‖a´ b‖`
ż t
0
‖fps, xapsqq ´ fps, xbpsqq‖ ds
ď ‖a´ b‖`
ż t
0
L ‖xapsq ´ xbpsq‖ ds.
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By using Gronwall’s inequality (see, for instance, [23, Proposition 3.10]), we
obtain ‖xaptq ´ xbptq‖ ď ‖a´ b‖ eLt for all t P r0, T s. Therefore
‖F paq ´ F pbq‖ ď ‖a´ b‖` ‖a´ b‖ eLT “ p1 ` eLT q ‖a´ b‖.
Thus F is (even Lipschitz) continuous.
Suppose that there exists a number R ą 0 such that for each point x P X
with ‖x‖ “ R, there exists j P Jpxq with xfpt, xq, jy ď 0 for all t P r0, T s.
In this case, bearing in mind Kato’s differentiation rule, we get
‖xptq‖
d
dt
‖xptq‖ “ xx1ptq, jy,
which implies that
d
dt
‖xptq‖2 “ 2xfpt, xptqq, jy
for any j P Jpxptqq, whenever x is a solution to the differential equation (1).
We claim that if a P BRr0s, then xapT q P BRr0s. In order to prove this,
we consider the following set:
K :“
!
t P r0, T s : ‖xapsq‖ ď R for all s P r0, ts
)
.
It is clear that K is nonempty because 0 P K. We claim that supK “ T .
Suppose to the contrary that t0 :“ supK ă T . Then ‖xapt0q‖ “ R. Hence,
d
dt
‖xptq‖2
ˇˇˇ
t“t0
“ 2xfpt0, xpt0qq, jy ă 0,
which implies that the function t Ñ }xaptq} is a decreasing function in the
vicinity of the point t0. Thus there exists ε ą 0 such that ‖xapt0 ` εq‖ ď
‖xapt0q‖ “ R, which is a contradiction. Hence ‖xapT q‖ ď R for all a P BRr0s,
as claimed.
Next, we define the functional v¨, ¨w : XˆX Ñ R by vx, yw :“ maxjPJpyqxx, jy.
Note that if a P BBRr0s, then for any j P Jpaq, we have
xF paq, jy “ x´a` xapT q, jy ď ´‖a‖
2 ` ‖xapT q‖ ‖a‖ ď 0.
Thus the sign of vF paq, aw is constant for all a P BBRr0s.
In order to prove that the mapping F is compact, it is enough to assume
that the mapping f : r0, T sˆX Ñ X is compact because in this case we have
F paq “ xapT q ´ a “
ż T
0
fps, xapsqq ds P T conv
!
fpr0, T s ˆBRr0sq
)
for all a P BRr0s, which implies that F pBRr0sq is relatively compact.
Therefore, using Theorem 3.1 we see that 0 P F pBRr0sq. This means that
there exists a sequence tanunPN in BRr0s such that F panq Ñ 0 as n Ñ 8.
Since
F panq “ ´an `
ż T
0
fps, xanpsqq ds (2)
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for all n P N, and
!şT
0
fps, xanpsqq ds
)
nPN
is relatively compact, there exists
a subsequence tankukPN of tanunPN such thatż T
0
fps, xank psqq ds Ñ b P BRr0s,
which implies, when combined with (2), that ank Ñ b. Hence, using the
continuity of F , we obtain that F pankq Ñ F pbq. But, since F pankq Ñ 0, we
deduce that F pbq “ 0. This means that xbp0q “ xbpT q, that is, there exists a
periodic solution of differential equation (1).
In other words, we have just proved the following result.
Theorem 4.2. Let X be a Banach space. Then the differential equation x1ptq “
fpt, xptqq, where t P r0, T s, has a periodic solution whenever f : r0, T sˆX Ñ
X is a completely continuous mapping which is Lipschitzian with respect to
the second variable and there exists R ą 0 such that xfpt, xq, jpxqy ď 0 for
all t P r0, T s, all }x} “ R and for some jpxq P Jpxq.
4.3. A final remark
It may be worth noting that, instead of using Theorem 3.1, one can prove
Theorem 4.1 by appealing to Brouwer’s fixed point and that one can de-
duce Theorem 4.2 from Schauder’s fixed point theorem (by proving that the
Poincare´ map, that is, a ÞÑ xapT q, has a fixed point). One of the reasons
for these facts is the following result, which provides an equivalence between
these fixed point theorems and our theorem.
Theorem 4.3. The following theorems are equivalent:
paq Brouwer’s fixed point theorem;
pbq Schauder’s fixed point theorem;
pcq Theorem 3.1.
Proof. It is well known that paq ñ pbq holds; see, for instance, [20, Chapter 2].
The proof of Theorem 3.1 shows that pbq ñ pcq. Thus we only have to prove
that pcq ñ paq.
To this end, consider a nonempty, compact and convex subset C of Rn,
and let f : C Ñ C be a continuous mapping. Since in Rn all norms are
equivalent, without any loss of generality we may consider Rn endowed with
the Euclidean norm } ¨ }2.
Since the set C is bounded, there exists a number R ą 0 such that
C Ď BRr0s. Define a mapping F : BRr0s Ñ R
n by F pxq :“ x ´ fpPCpxqq,
where PC is the metric projection onto C.
Note that F is a completely continuous mapping because PC is a con-
tinuous (even nonexpansive) mapping. Moreover, given x P SRp0q, we have
xF pxq, xy ě R2 ´ }fpPCpxqq}2R ě 0, which means that if we define vx, yw :“
xx, yy, then vF pxq, xw has the same sign for all x P SRp0q. Under the above
conditions, Theorem 3.1 yields a point x0 P BRr0s such that F px0q “ 0.
Hence x0 “ fpPCpx0qq, which means that x0 P C and therefore PCpx0q “ x0.
We conclude that x0 “ fpx0q, as required. ˝
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